Abstract. Using the fact that teleparallel gravity allows a separation between gravitation and inertia, explicit expressions for the gravitational and the inertial energy-momentum densities are obtained. It is shown that, like all other fields of nature, gravitation alone has a tensorial energy-momentum density which in a general frame is conserved in the covariant sense. Together with the inertial energy-momentum density, they form a pseudotensor which is conserved in the ordinary sense. An analysis of the role played by the gravitational and the inertial densities in the computation of the total energy and momentum of gravity is presented.
Introduction
The definition of an energy-momentum density for the gravitational field is one of the oldest and most controversial problems of gravitation. If gravity is a true field, it should have a well defined energy-momentum density [1, 2] . However, it is usually asserted that such a density cannot be defined because of the equivalence principle [3] . In fact, in the context of general relativity all attempts to identify an energy-momentum density for the gravitational field leads to complexes that are not true tensors. The first of such attempts was made by Einstein, who proposed an expression which was simply the canonical expression obtained from Noether's theorem [4] . Several other attempts have been made, leading to different expressions for this pseudotensor [5] .
On the other hand, due to the fact that teleparallel gravity allows a separation between gravitation and inertia [6] , it turns out possible in this theory to write down a tensorial expression for the gravitational energy-momentum density. The purpose of this paper is to explore further this property. We will proceed as follows. In section 2, for the sake of completeness, we present the fundamentals of Lorentz connections and frames. In section 3 we introduce the potential form of the gravitational field equations and discuss the usual conservation law of the gravitational energy-momentum density. In section 4 we consider the specific case of general relativity, and show why in this theory it is not possible to define a tensorial expression for the energy-momentum density of gravity. Then, in section 5 we discuss the reasons why teleparallel gravity is able to separate gravitation from inertia. Using this property, we introduce in section 6 the notion of inertial energy-momentum density, and show that the energy-momentum density of gravity alone-without inertia-is a true tensor which, like any other field in the presence of gravitation, in a general frame is conserved in the covariant sense. Finally, in section 7, it is shown that, together with the inertial energy-momentum density, they make up a pseudotensor which is conserved in the ordinary sense, and always yields the physically relevant result for the total energy and momentum of gravitation.
Lorentz connections and frames
We are going to use the Greek alphabet (µ, ν, ρ, · · · = 0, 1, 2, 3) to denote indices related to spacetime, and the first half of the Latin alphabet (a, b, c, · · · = 0, 1, 2, 3) to denote indices related to the tangent spaces, each one a Minkowski spacetime with metric η ab = diag(+1, −1, −1, −1). A basic ingredient of any gravitational theory is the spin connection A µ , a connection assuming values in the Lie algebra of the Lorentz group,
with S ab a given representation of the Lorentz generators. The corresponding covariant derivative is given by the Fock-Ivanenko operator [7, 8] 
Acting on a Lorentz vector field φ a , for example, S ab is a matrix with entries
and consequently
Denoting a tetrad field by h a µ , the spacetime metric g µν and the tangent-space Minkowski metric η ab are related through
Analogously, the linear connection Γ ρ νµ corresponding to A a bµ is
The inverse relation is
with ∇ µ the covariant derivative defined by the connection Γ ν ρµ . Equations (5) and (6) are different ways of expressing the property that the total covariant derivative-that is, with connection terms for both indices-of the tetrad vanishes identically:
The curvature and torsion of A a bµ are defined respectively by
and
Using relations (5) and (6), they can be expressed in a purely spacetime form as
A Lorentz connection Γ ρ µν can always be decomposed in the form 1
where
is the Levi-Civita connection and
is the contortion tensor. Using relation (5), the decomposition (12) can be rewritten as 
the connection, A a bµ changes according to
If a connection vanishes in a given frame, therefore, it will be non-vanishing in a Lorentzrotated frame. Since the last index of the connection is a tensorial index, one can write
In the tetrad formalism, the quantities
represent Lorentz frames. These frames are classified according to the value of the coefficient of anholonomy f c ab , which is defined by the commutation relation [9] [h a ,
As a simple calculation shows, it is given by
For example, the class of inertial frames is defined by all frames for which f c ab = 0. They are called, for this reason, holonomic frames. Starting from an inertial frame, different classes of frames are obtained by performing local (point dependent) Lorentz transformations. Inside each class, different frames are related through global (point independent) Lorentz transformations.
In special relativity, the anholonomy of the frames is entirely related to the inertial forces present in those frames. The preferred class of inertial frames is characterized by the absence of inertial forces, and consequently by holonomic frames. Similarly, in the presence of gravitation there is also a preferred class of frames: the class whose anholonomy is related to gravitation only, not with inertial effects. This class of frames, therefore, reduces to the inertial class when gravitation is switched off.
Gravitational field equations and conservation laws
In the first order formalism, where the lagrangian is assumed to depend on the tetrad and on its first derivative only, the gravitational field equation can be obtained from the usual Euler-Lagrange equation
Denoting h = √ −g, with h = det(h a µ ) and g = det(g µν ), and introducing the constant k = 8πG/c 4 , the sourceless gravitational field equation can be written in the form
is the so-called superpotential, and
stands for the gravitational energy-momentum current. Equation (23) is known as the potential form of the gravitational field equation [10] . It is, in structure, similar to the Yang-Mills equation. Its main virtue is to explicitly exhibit the complex defining the energymomentum current of the gravitational field. Due to the anti-symmetry of S a ρσ in the last two indices, the field equation implies the conservation of the gravitational energymomentum current:
Any conservation law of this form, namely, written as a four-dimensional ordinary divergence, is a true conservation law in the sense that it yields a time-conserved chargeprovided, of course,  a i (i = 1, 2, 3) vanishes at infinity. On the other hand, in order to be physically meaningful, the equation expressing a conservation law must be covariant under both general coordinate and local Lorentz transformations. This simple property has an important consequence: no tensorial quantity can be truly conserved. In fact, since the derivative is not covariant, in order to yield a covariant conservation law, the conserved current cannot be covariant either. This means that the energy-momentum current  a ρ appearing in the gravitational field equation (23) cannot be a tensor. Conversely, since the symmetric energy-momentum tensor of any source field-that is, the energy-momentum tensor appearing in the right-hand side of the gravitational field equation-is a true tensor, it is conserved in the covariant sense, otherwise the conservation law itself would not be covariant.
If a tensorial expression t a ρ for the energy-momentum density of gravitation exists, therefore, it has to be conserved in the covariant sense. On the other hand, due to the local Lorentz invariance of gravitation, inertial effects related to the non-inertiality of the frame will in general be present. These effects, as is well known, are non-covariant by its very nature. As a consequence, the energy-momentum density associated to the inertial effects, which we denote by ı a ρ , cannot be a true tensor. This means that the sum of the inertial and the purely gravitational energy-momentum densities, ı a ρ + t a ρ , will be a pseudotensor. This is actually a matter of consistency: since it represents the total energy-momentum density (in the absence of source fields), it has to be truly conserved,
and consequently cannot be a true tensor. Let us see next what happens in the specific case of general relativity.
General relativity
As is well known, it is not possible to construct an invariant lagrangian for general relativity in terms of the metric and its first derivatives. There is, however, the second-derivative Einstein-Hilbert invariant lagrangian, in which the second-derivative terms reduce to a total divergence. This lagrangian can be written in the form
where • L 1 is a first-order lagrangian and w µ is a contravariant four-vector. There are actually infinitely many different first-order lagrangians, each one connected to a different surface term:
Since the divergence term does not contribute to the field equation, any one of the first order lagrangians yields a field equation of the form
which is the so-called potential form of Einstein's field equation [10] . In this equation,
σρ is the superpotential and
•  a ρ is the gravitational current, which is conserved in the ordinary sense:
We see in this way that different first-order lagrangians give rise to different expressions for the gravitational energy-momentum pseudotensor. Now, general relativity is strongly grounded on the equivalence principle, which says that it is always possible to find a local frame in which
• A a bµ = 0 along an observer world-line. In other words, at each point of the world-line, inertia compensates gravitation yielding a vanishing Lorentz connection. This means essentially that inertial and gravitational effects are both embodied in the spin connection • A a bµ , and cannot be separated because of the equivalence principle. As a consequence of this inseparability, the gravitational energy-momentum current in general relativity will always include, in addition to the purely gravitational density, also the energy-momentum density of inertia. Since the latter is a pseudotensor, the whole current will also be a pseudotensor. In general relativity, therefore, it is not possible to define a tensorial expression for the gravitational energy-momentum density. This is in agreement with the strong equivalence principle which precludes the existence of such definition [3] .
Separating gravitation from inertia
In the class of frames h ′ b which reduces to inertial class when gravitation is switched off, the spin connection of teleparallel gravity 2 vanishes everywhere
In these frames, the tetrad has the form [11] 
where B ′a µ is the translational gauge potential. Observe that, if gravitation is switched off, the translational gauge potential is of the form B ′a µ = ∂ µ α a (x), and the tetrad becomes trivial, or holonomic. In a Lorentz rotated frame, the tetrad assumes the form
where B a µ = Λ a b (x) B ′b µ , and
is the transformed connection. We see clearly from this expression that it represents purely inertial effects, not gravitation. Its curvature, consequently, vanishes identically:
• R a bµν = 0. For a non-trivial (B a µ = 0) tetrad, however, it has non-vanishing torsion:
• T a µν = 0. In terms of the coefficient of anholonomy, it is given by
Let us consider now the equation of motion of a free particle in Minkowski spacetime. Seen from a holonomic frame h ′ b , it is given by
Seen from an anholonomic frame h b , which satisfies the commutation relation (20) , it assumes the form [12] du a ds +
where the coefficient Now, in order to obtain the corresponding equation of motion in the presence of gravitation, it is necessary to use the strong equivalence principle. Namely, if inertial and gravitational effects are locally equivalent, we can then assume that the above inertial connection represents the spin connection of general relativity [13] ,
In this case, the equation of motion (38) turns out to be the geodesic equation
that is, the equation of motion of a spinless particle in the presence of gravitation. As already discussed, both inertia and gravitation are included in the connection
• A a bc and cannot be separated [14] . This is a fundamental characteristic of the geometric approach of general relativity.
On the other hand, in the specific case of teleparallel gravity, the equation of motion of a (spinless) particle in the presence of gravitation is obtained from the free equation of motion (38) by identifying
The equation of motion in this case assumes the form of a force equation,
with contortion playing the role of gravitational force. This is the teleparallel version of the particle equation of motion. Of course, due to identity [15] •
it is equivalent to the geodesic equation (40). In its standard formulation, the strong equivalence principle says that it is always possible to find a frame in which inertia compensates gravitation locally, that is, in a point or along a world-line. In that local frame, the spin connection of general relativity vanishes:
On account of the identity (43), the teleparallel version of this expression is
which shows explicitly that, in such frame, inertia (left-hand side) compensates gravitation (right-hand side). We see in this way that the splitting of the spin connection according to equation (43) corresponds actually to a separation between inertia and gravitation [6] . As a consequence, the right-hand side of the equation of motion (42) represents the purely gravitational force, and transforms covariantly under local Lorentz transformations. The inertial effects coming from the frame non-inertiality are represented by the connection term of the left-hand side, which is non-covariant by its very nature. In teleparallel gravity, therefore, whereas the gravitational effects are described by a covariant force [16] , the noninertial effects of the frame remain geometrized in the sense of general relativity, and are represented by an inertial-related connection.
It is important to remark that, because inertial and gravitational effects work now separately, teleparallel gravity does not require the equivalence between inertia and gravitation to describe the gravitational interaction. In other words, it does not require the strong equivalence principle [17] . To see that this is in fact the case, we recall that it is also possible to choose a global frame h ′ b in which the inertial effects vanish. In this frame,
• A ′a bc = 0 and the equation of motion (42) becomes purely gravitational:
Since no inertial effects are present, it becomes clear that teleparallel gravity does not need to use the equivalence between inertia and gravitation. In this form, the gravitational force becomes quite similar to the Lorentz force of electrodynamics. There is a crucial difference, though: due to the strict attractive character of gravitation, the gravitational force is quadratic in the four-velocity, in contrast to the Lorentz force of electrodynamics, which is linear in the four-velocity.
Purely gravitational energy-momentum density
The gravitational lagrangian of teleparallel gravity is [18] • L = h 4k
is the superpotential, with
• K ρσ a the teleparallel contortion. Seen from a general frame h a , the corresponding sourceless gravitational field equation, which in teleparallel gravity is naturally written in the potential form, is given by
is the teleparallel energy-momentum current. Due to the anti-symmetry of the superpotential in the last two indices, it is conserved in the ordinary sense:
Now, since the teleparallel spin connection
aσ represents inertial effects, the last term of the current (50) can be interpreted as the energy-momentum density of the inertial forces:
Of course, by its very nature, it is non-covariant. The total (gravitation plus inertia) energy-momentum density is consequently
is a tensorial current which represents the energy-momentum density of gravity. If considered separately from inertia, therefore, the gravitational energy-momentum density is found to be a true tensor. As far as teleparallel gravity does not require the equivalence principle to describe the gravitational interaction (see section 5), the existence of a tensorial expression for the gravitational energy-momentum density is not in conflict with the equivalence principle [19] .
Let us now obtain the conservation law of the energy-momentum tensor 
This allows us to rewrite that field equation in the form
Since the teleparallel spin connection (35) has vanishing curvature, the corresponding FockIvanenko derivative is commutative:
Taking into account the anti-symmetry of the superpotential in the last two indices, it follows from the field equation (56) that the tensorial current (54) is conserved in the covariant sense:
Of course, as it does not represent the total energy-momentum density-in the sense that the inertial part is not included-it does not need to be truly conserved.
It is important to notice finally that, in a locally inertial frame, f a bc = 0, and we see from from Eq. (36) that
which is equivalent to the local identity (45). Similarly, the superpotential can be show to satisfy a similar local relation between gravitation and inertia,
is a purely inertial superpotential. In absence of gravitation, therefore, we can use identity (60) to rewrite the inertial energy-momentum pseudotensor in the form
where we have used the notation
. This is the energy-momentum pseudotensor of inertia.
Concluding remarks
In general relativity, both gravitational and inertial effects are mixed in the connection of the theory, and cannot be separated. Even though some quantities, like curvature, are not affected by inertia, some others turn out to depend on it. For example, the energy-momentum density of gravitation will necessarily include both the energy-momentum density of gravity and the energy-momentum density of inertia. Since the inertial effects are non-tensorialthey depend on the frame-the complex defining the energy-momentum density of the gravitational field in general relativity always shows up as a non-tensorial object.
On the other hand, although equivalent to general relativity, teleparallel gravity is able to separate gravitation from inertia [6] . As a consequence, it becomes possible to write down an energy-momentum density for gravitation only, excluding the contribution from inertia. In the preferred class of frames h ′ a , characterized by the absence of inertial effects, the teleparallel spin connection vanishes, 
ρ the purely gravitational energy-momentum tensor. In this class of frames, the gravitational energy-momentum tensor is conserved in the ordinary sense:
The gravitational energy and momentum can then be obtained by integrating the appropriate components of
ρ in the whole space-like volume V ,
a the gravitational energy-momentum tensor written in an appropriate basis. 3 Alternatively, on account of the field equation (63), they can be obtained by computing the surface integral of the superpotential at infinite,
where ∂V denotes the spatial boundary of V . Since in the frame h ′ a there is no inertial effects, this integral gives the correct result for the energy and momentum of gravitation.
Global Lorentz transformations Λ a b , as is well known, are related to frame changes inside a given class of frames. For example, all inertial frames of special relativity are related by global Lorentz transformations. This means that such transformations do not introduce inertial effects. Local Lorentz transformations Λ a b (x), on the other hand, will change any frame of this class to a frame belonging to a different class, in which inertial effects are present. In this new class of frames, the teleparallel spin connection
• A a bµ turns out to be that given by Eq. (43), and the field equation becomes
where 4
In this case, the gravitational energy-momentum tensor turns out to depend on the inertial effects present in the frame. Due to this dependence, its volume integration will not give the correct, or physically relevant result. As a matter of fact, this is true for the energymomentum tensor of any field in special relativity: when transformed to a non-inertial frame, its volume integration does not give the correct energy-momentum density of the field because, even transforming covariantly, it includes also inertial effects. This problem can be circumvented by rewriting the field equation (67) in the form
where • ı a ρ is the inertial energy-momentum pseudotensor, given by Eq. (52). Let us then consider the integral
On account of the field equation (69), it can be rewritten as the surface integral of the superpotential at infinity:
Now comes the crucial point. If Λ a b (x) reduces to the identity transformation at infinite, the computation of the gravitational energy-momentum on any frame will give the same result as that obtained in the class of frames h ′ a , where no inertial effects are present. On the other hand, if the local transformation Λ a b (x) reduces to a global transformation Λ a b at infinite-which means that no inertial effects are introduced on the boundary ∂V -the gravitational four-momentum is found to be covariantly transformed between these two classes of frames by a global transformation:
Summing up, in teleparallel gravity it is possible to choose a preferred class of frames in which inertial effects are absent. Since these effects are responsible for spoiling the computation of the energy-momentum density, the use of the preferred class of frames yields the correct physical result. In any other frame related to the first by a local Lorentz transformation which does not introduce inertial effects at the space infinity, 5 the correct energy and momentum are obtained by integrating the pseudo-current
in the whole volume, or equivalently, by integrating the corresponding superpotential at infinity. In a sense, this is similar to what happens in general relativity. The difference is that, because teleparallel gravity allows a separation between gravitation and inertia, it is 4 The superpotential • t a ρ on inertia, always yielding the physically relevant result. It can, consequently, be interpreted as a kind of "regularized" energy-momentum current. 6 
